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Abstract 



We consider a 2d anisotropic SHO with ixy interaction and a 3d SHO in an 
imaginary magnetic field with pi-B interaction to study the PT phase transition 
analyticahy in higher dimension. Unbroken PT symmetry in the first case is com- 
plementary to the rotational symmetry of the original Hermitian system .PT phase 
transition ceases to occur the moment the 2d oscillator becomes isotropic. Transverse 
magnetic field in the other system introduces the anisotropy in the system and the 
system undergoes PT phase transition depending on the strength of the magnetic 
field and frequency of the oscillator. 
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1 Introduction 



Over the past decade PT symmetric non-Hermitian quantum theories have generated 
huge excitement [1, 2, 3]. It has been shown that PT symmetric non-Hermitian system 
can have the entire spectrum real if PT symmetric is unbroken [4, 5] and hence a fully 
consistent quantum theory with unitary time evolution can be developed if the associate 
Hilbert space is equipped with appropriate positive definite inner product [6, 7]. This 
exciting result helps this subject to grow enormously [8]- [20]. Such a non-Hermitian PT 
symmetric quantum system generally exhibits a phase transition(more specifically PT 
breaking transition) that separate two parametric regions, (i) a region of unbroken PT 
symmetry in which the entire spectrum is real and eigenfunctions of the system respect 
PT symmetry (ii) a region of broken PT symmetry in which the whole spectrum(or a part 
of it) is complex and eigenstates of the system are not eigenstate of PT operator [21]. The 
study of the PT phase transition has been boosted exponentially due to the fact that such 
phase transition and its rich consequence are really observed in variety of physical systems 
[22]- [29]. However most of the analytical studies on PT phase transitions are restricted to 
one dimensional systems. PT phase transition in higher dimension is studied only by few 
groups [30] -[34]. Levia et al showed that spontaneous breakdown of PT symmetry can 
occur for certain non central potentials by considering parity transformation in terms of 
spherical polar coordinates [33]. Non-Hermitian PT symmetric system in two and three 
dimensions have been studied perturbatively in Ref [32]. In a very recent work Bender 
et al [34] have studied a PT phase transition in higher dimensional quantum systems. 
They considered four nontrivial non-Hermitian PT symmetric models in two and three 
dimensions to study the PT phase transition. They have shown in all these models the 
system passes from PT unbroken phase to broken phase when the non-Hermitian couplings 
exceed a certain critical value [34] . However their work is based on perturbation techniques 
and the PT phase transition is shown numerically. 

The aim of this present manuscript is to take this study of PT phase transition in 
higher dimension by considering two more non-Hermitian but PT symmetric models in 
higher dimension to get further insight of it . We show the PT phase transition in our 
models explicitly and the important point in our study is that our results are based on 
exact analytical calculations. We further have realized a possible connection between the 
symmetry of the original Hermitian Hamiltonian and the PT phase transition of non- 
Hermitian system. In the first example we consider an anisotropic harmonic oscillator 
in two dimensions with a PT symmetric non-Hermitian interaction ixy. To the best of 
our knowledge this is the first time this interaction ixy is realized as PT symmetric Non- 
Hermitian interaction. We analytically calculate the critical value Ac of the non-Hermitian 
coupling which depends on anisotropy of the system. For A < Ac the entire spectrum is 
real and the system is in unbroken PT phase. On the other hand when A > Ac the 
eigenstates are no longer PT symmetric and as a consequence we have some complex 
conjTigate pair of eigenvalues indicating the broken PT phase of the system. The most 
interestingly we observe that PT phase transition occurs only when the original Hermitian 
system is anisotropic. The non-Hermitian system of two dimensional isotropic oscillator 



2 



always remain in PT-broken phase. Thus rotational symmetry of the original Hermitian 
system is complementary to the unbroken PT symmetry in this model. 

In the other example we consider an isotropic simple harmonic oscillator in three 
dimensions with charge q in presence of an imaginary magnetic field along z direction. The 
introduction of imaginary magnetic field is motivated by a study by Hatano et al in which 
they studied localization and delocalization phase transition in superconductor in presence 
of external imaginary magnetic field [36, 37]. We show that the system undergoes a PT 
phase transition when the strength of the magnetic field B > the critical magnetic 
field of the system. Alternatively for a fixed magnetic field PT phase transition occurs 
when the frequency ui of harmonic oscillator becomes half of the cyclotron frequency Uc- 
At the transition point the oscillator do not have any dynamics in x — y plane, it only 
oscillates in the direction of magnetic field with its original frequency. We would further 
like to add that the imaginary magnetic field along a preferred direction (z direction) 
creates the anisotropy in this three dimensional model. 

Now we mention the plan of the paper. In the next section we explain the PT symmetry 
in two and in three dimension and some essential feature of PT phase transition. In section 

three we present two dimensional anisotropic oscillator with PT symmetric non-Hermitian 
interaction to exhibit a PT phase transition analytically. In section four we discuss three 
dimensional isotropic oscillator in presence of imaginary magnetic field. Last section is 
kept for discussion and conclusion. 

2 Parity transformation in higher dimension 

Parity transformation is an improper Lorentz transformation. In two dimension if we 
write the parity transformation as 



then A is 2 X 2 real matrix with determinant equal to —1. Now if we consider parity 
transformation as simple space refiection in two dimension i.e. 



then the det^l = +1, indicating the above transformation (2) is a proper Lorentz transfor- 
mation. In fact the transformation in (2) is a rotation of an angle tt in the x — y plane.This 
point is explained nicely by Bazeia et al [38]. The discrete parity transformation in two 
dimension therefore can be defined in two alternative ways, 




(1) 



x' = -X, y' = -y 



(2) 



Pi: x' = -X, y' = y 



(3) 



P2: x' ^ X, y' = -: 



y 



(4) 
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Both of these forms Pi and P2 are equivalent and one can use either of these while 
checking PT symmetry of a non-Hermitian system in two dimensions. In two dimension 
parity transformation has also been realized as [39] 

P3 : X — yy,y — y x (5) 

leading to the transformation matrix 

(6) 

In fact in the study of non-Hermitian theories, one only requires P to be an involution 
such that overall PT becomes an antilinear operator. 

The structure of parity transformation in three dimension is much more rich. Various 
different version of anti-linear PT transformation due the rich structure of parity trans- 
formation in 3d has been addressed in detail in Ref. [40] However in three or in any odd 
dimension commonly used parity transformation is given as space inversion. 

x' = -X, y' = -y, z' = -z (7) 




In even dimension, one has to be careful in defining parity transformation as the 
determinant of transformation matrix should be -1. 

A PT symmetric non-Hermitian system is said to be in PT unbroken phase if all 
the eigenf unctions of the Hamiltonian are also the eigenfunction of the operator PT i.e. 
[H, PT] -0 = 0, and PTi(j = ±-0. In this unbroken PT phase the entire spectrum of 
the system is real, even through the Hamiltonian is not Hermitian in the usual sense. 
Non-Hermitian systems generally depend on certain parameters. Some of the eigenvalues 
become complex (occur in conjugate pairs) when these parameters change their values. 
Whether the entire spectrum or only a part of it will be complex depends on the values of 
the parameter involved in the non-hermitian system. This phase of the system is described 
as PT broken phase, even though the non-Hermitian Hamiltonian is PT symmetric i.e 
[H, PT]il} = 0, and PTip ^ ±•0. Generally system passes from unbroken phase to broken 
phase when strength of the non-Hermitian coupling increases. Every such system is 
characterized by a critical value of the coupling below which system is in unbroken phase. 
In the next two sections we demonstrate PT phase transition in two higher dimensional 
systems with explicit analytical calculation. 



3 Anisotropic oscillator in two dimension with Non- 
Hermitian interaction 

We consider an anisotropic oscillator in two dimension with non- Hermitian interaction 
described by the Hamiltonian as. 
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^ _ Px f Py , ,2^2 I ,2„,2 



— ^ H — H — mcu X H — mco y + iXxy, X is real and ^ cOy 



2m 2m 2 



(8) 



It is easy to check that this non-Hermitian Hamiltonian is invariant under combined 
parity^ and time reversal transformation in two dimension as, 

PiT{iXxy) — P2T{iXxy) — iXxy 

This Hamiltonian can be decoupled by making a coordinate transformation (x, y) — >■ 
{X, Y) as- 

d2 d2 1 1 

(9) 
(10) 
(11) 



p2 p2 1 1 

2m 2m 2 ^ 2 ^ 



where, 



and 



X = 



'1 + A; 



'1- A; 



-X 



-y, 



CO 



-X + 



-y, 



~k 



where, a;^ = a;^ + a;^ = a;^ - a;^. ^ i ^ . 

The energy eigenvalues and eigenfunctions are written as 



Enun, = (ni + -)hCi + (n2 + -)hC2 



,alX^ 



+ 



il^„^,„^{X,Y) = Nexp 
where, a? = ^ and = 

Now we consider the case when k is real i.e. lAl < 



Hr,,{aa)Hn,{a2Y) 



\. In this case. 



(12) 
(13) 



- liu^lil + - I)] > 0, Cl = i[a;^(l - 1) +a;^(l + 1)] > 0, (14) 

as A; > 1. This further leads to entire real spectrum . The wave function re-expressed in 
term of (x,y) as 



i^m,n2{x,y) 



N exp 



m 



-^[(Ci + C2){x' + 2/2) + (C2 - C,)2iXkxy 



'k + 1 



'k-1 



-X — 1\ 



2/)]if„Ja2( 



lk-1 k+1 
— - — X + i\ — - — -i 



(15) 



^Wc can't use P3 as parity transformation in 2d for this particular model as the Hermitian part (-^o) 
of this model is not invariant under P3. 
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Under PT transformation 



PlT'^nun2{x,y) = (-l)"''0ni,n2(a:^,y) = ±'0ni,n2 (s^, ?/) , 



(16) 

as rii , n2 are zero or positive integers. Therefore PT symmetry is unbroken as long as 

2 

|A| < l^^l and as a consequence of the entire spectrum is real. It is straight forward to 



check for lAI > 



I, k is imaginary and hence PiTil:ni,n2{Xiy) '0ni,n2(^? I/) i = 1,2 



and the spectrum is no longer real. Some of the eigenvalues occur in complex conjugate 
pairs,the spectrum in this situation is written as 



Enun2 = (ni + ^)H^ - iB) + (712 + -)n{A + iB) 



(18) 



Where A and B are real and can be given as 



ul + 



(19) 



ki{= —ik) is also real. It is clear from equation (18) that i?ni,„2 -^n2,ni are complex 
conjugate to each other. On the other hand energy eigenvalue are real when rii = n2- 

The critical value of the coupling Ac(= —2^) depends on the anisotropic of the system. 
If the system is more anisotropic the span of the PT unbroken phase is longer. When 
the system becomes isotropic, i.e. uj^ — ^y-i i-e. Ac = 0, the system will always lie in the 
broken PT phase and it will not be possible to have entire spectrum real for any condition 
on the parameters. This result leads to a very important realization for this particular 
systems. Rotational symmetry which leads to isotropy of original Hermitian system Hq is 
complementary to unbroken PT symmetry of the PT symmetric non-Hermitian system 
H. As long as the original system Hq has rotational invariance, H can not have unbroken 
PT symmetry. The moment rotational symmetry of Hq breaks the non-Hermitian system 
becomes capable of going through a PT phase transition. 



4 Three-dimensional isotropic harmonic oscillator in 
an external imaginary magnetic field 

Three dimensional isotropic simple harmonic oscillator in external imaginary magnetic 
field (iB) with ijii.B coupling can be written as 

H = ^(p - '-^f + + + z^) + m.B (20) 

where q is the charge of the oscillator and S = V x A 
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Assuming the imaginary magnetic field along z direction and considering the vector 
potential A = { — 0} in symmetric gauge it can written as 



This non-Hermitian Hamiltonian is PT invariant as parity is considered to be simple 
space reflection in odd dimension. The Hamiltonian in equation (21) further reduced to 
a 3d anisotropic oscillator 

+ i + ^ + lynul^x^ + y") + -ma;^^^ (22) 
2m 2m 2m 2 ^ ^ 2 ^ ^ 

where, u\ = - = - ^ (23) 

= — is usual cyclotron frequency. The Schrodinger equation for this system can be 
solved explicitly and the energy eigenvalue and eigenfunction for this systems are given 
as, 

En^nyn, = + % + 1)TtWi + {u^ + -)huj (24) 



V'n.n„n.(a;,y,2;) = exp 



-^(^ +2/ ) + ^ 



2 ' ^ ' 2 



Hn,{ax)HnJay)Hn,{aiz) (25) 



where, = = If the magnetic field is sufficiently weak, B < 

or for a fixed magnetic field oscillator frequency a; > ^, then cui is real and, hence the 
entire spectrum is real. In this case it is straight forward to check PTipn^nyn^iXjy, z) — 
(^—iy'-^+'"-v+"-^'il)^^^^^^(^x,y,z). indicating the system is in unbroken PT phase. However if 
the strength of the magnetic field exceeds a critical value B > Be = or the oscillator 
frequency is less then half of the cyclotron frequency for fixed magnetic field ie a; < 

then ooi = ±^00'^ — ^^p, , becomes complex i.e a;i = ±ia) where u = + fj^ifp. 

real. We have pairs of complex conjugate eigenvalues given as 



2 ' 

2 " . 

IS 



K.n^n. = ^i{nx + + + {n^ + ^)^a; (26) 

and system is in broken phase of PT ,this is because itj\ is imaginary and under PT it 
changes to -wi hence PTipn^nyn^ix^y, z) ± ^n^nynS^^V^ The system is PT unbroken 
phase ii < B < Be for fixed oscillator frequency co and PT phase transition occurs as 
the strength of magnetic field exceeds the critical value, for a fixed magnetic field ,the 
system is in unbroken PT phase if oscillator frequency is grater or equal to half of the 
cyclotron frequency {ojc) 
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5 Conclusion 



We have demonstrated the PT phase transition in higher dimension, with the help of two 
simple but non-Hermitian PT symmetric systems. We have considered an anisotropic 
simple harmonic oscillator in 2d with a PT symmetric non-Hermitian interaction to show 
that system undergoes a PT phase transition as long as it is anisotropic. The critical 
value of the coupling vanishes when system is isotropic and phase transition ceases to 
occur. The system remains in the broken phase all time. This leads to an important con- 
nection between the rotational symmetry of original Hermitian system (2d SHO) with 
the unbroken PT symmetry of non-Hermitian systems (2d SHO) with non-Hermitian in- 
teraction). They appear complementary to each other. To have a better understanding of 
this connection one needs to explore it further in other non-Hermitian systems. It will 
be possible to experimentally observe the PT phase transition in this system with the 
help of simple mechanical experiment similar to one reported in [26]-[29]. In the second 
example we consider a charged isotropic oscillator in 3d in the influence of an external 
imaginary magnetic field along Z-direction. If the strength of magnetic field is strong 
enough such that cyclotron frequency is greater than 2 times the natural frequency of this 
isotropic oscillator, then the system passes from unbroken phase to broken phase. On the 
other hand for sufficiently weak magnetic field system remains in PT unbroken phase.It 
is worth mentioning that magnetic field introduces the anisotropy in this system. It will 
be exciting to explore the connection of PT phase transition in this model to localiza- 
tion/delocalization phase transition[36]-[37] in superconductor in presence of imaginary 
magnetic field. 
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